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Abstract 

We calculate in the next-to-leading approximation the non-forward quark impact 
factors for both singlet and octet color representation in the i-channel. The integral 
representation of the octet impact factor in the general case of arbitrary space- 
time dimension and massive quark flavors is used to check the so-called "second 
bootstrap condition" for the gluon Reggeization at the next-to-leading logarithmic 
approximation in perturbative QCD. We find that it is satisfied for both helicity 
conserving and non-conserving parts. The integrations are then performed for the 
explicit calculation of the impact factors in the massless quark case. 
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1 Introduction 



The BFKL equation [|l| is very important for the theory of the Regge processes at high 
energy ^/s in perturbative QCD. In particular, it can be used together with the DGLAP 
equation for the description of the structure functions for the deep inelastic ep scattering 
at small values of the Bjorken variable x. It was derived more than twenty years ago in the 
leading logarithmic approximation (LLA) for the Regge region that means summation 
of all the terms of the type (aslns)". Recently also the radiative corrections to the kernel 
of the equation have been calculated 0-PI and the explicit form of the kernel in the next- 



to- leading approximation (NLA) for the case of forward scattering was found |jTO|, [TTI|. A 
number of subsequent papers (see, for instance |12[) were devoted to the investigation of 
its consequences. 

In the BFKL approach the high energy scattering amplitudes are expressed in terms 
of the Green function of two interacting Reggeized gluons and of the impact factors of 
the colliding particles [|T], |T^, [T^, |T^. The BFKL equation allows to determine this Green 
function for forward scattering (t = and singlet color state in the t-channel) . The impact 
factors must be calculated separately and only in some cases (such as strongly- virtual 
photon or hard mesons) perturbation theory is applicable. 

The key role in the derivation of the BFKL equation is played by the gluon Reggeiza- 
tion. In the LLA the Reggeization was noticed in the first orders of the perturbation 
theory and, assuming that it is correct to all orders, the equation for the t-channel partial 
waves of the elastic scattering amplitudes was derived [||]. It is evident that, for gluon 
quantum numbers in the t-channel, the solution of this equation must reproduce the gluon 
Reggeization. This was explicitly demonstrated in Ref. This "bootstrap" condition 
represents a stringent test of the gluon Reggeization, although it cannot be considered as a 
proof. In the LLA such proof was constructed in Ref. [|1^] . In the NLA the gluon Reggeiza- 



tion has only been checked in the first three orders of the perturbation theory §]. Since it 
forms the base of the BFKL approach, a more stringent test is desirable. As well as in the 
LLA, such test is provided by the "bootstrap" condition. Using the gluon Reggeization as 
a base, it is possible to represent the high energy scattering amplitudes as a convolution of 
the impact factors of the colliding particles and of the Green function for two interacting 
Reggeized gluons (see Eq. ( |2.^ ) below) not only for the forward scattering, but also for 
non-zero momentum transfer and arbitrary color states in the t-channel [|T6i . For the 



case of octet color representation, the requirement of self-consistency leads to two "boot- 
strap" equations for the gluon Reggeization in the NLA (Eqs. (34) and (35) in Ref. |1T6|). 
Besides providing a stringent check of the gluon Reggeization, these equations are impor- 
tant since they contain almost all the values appearing in the NLA BFKL kernel and so 
provide a global test of calculations carried out over a long period of time 0-0 and only 
in a small part independently performed IQ or checked |T8|. 

The first bootstrap condition involves the kernel of the non-forward BFKL equation 
for octet color representation in the t-channel, expressed in terms of the effective vertices 
for the Reggeon-Reggeon interaction. The explicit demonstration that it is satisfied in 
the part concerning the quark-anti-quark contribution was given in Ref. |]T3 for arbitrary 



1 



space-time dimension. The second bootstrap condition involves the impact factors of the 
scattered particles for octet color representation in the t-channel, expressed in terms of 
the effective vertices for the Reggeon-particle interaction. For the case of gluon impact 



factors, the explicit proof that this equation is satisfied has been given in Ref. I^O] for 
arbitrary space-time dimension and massive quarks for both the helicity conserving and 
non- conserving parts. It must be stressed that for this proof it is sufficient to use the 
integral representation of the NLA non-forward gluon impact factors with color octet 
states in the t-channel and it is not necessary to perform explicit integration and to 
consider other color states. However, the impact factors have their own value, therefore 
in Ref. they have been obtained in the gluon case for arbitrary color representation in 



the t-channel and the explicit integrations have been explicitly carried out in the massless 
quark case. 

The main aim of this paper is to demonstrate the fulfillment of the second bootstrap 
condition also in the case of quark impact factors, along the same lines as in Ref. [^. 
We determine an integral representation of the NLA non-forward quark impact factors for 
arbitrary space-time dimension and representation of the color group and check that the 
second bootstrap condition for the octet representation is satisfied for both the helicity 
conserving and non- conserving parts. The integrations are then carried out explicitly in 
the case of massless quarks. 

The paper is organized as follows: in Section 2 we explain the method of calculation, 
in Section 3 and 4 we obtain the integral representation of the contributions to the quark 
impact factors from one-quark and from quark-gluon intermediate states, respectively; in 
Section 5 the check of the second bootstrap condition is explicitly demonstrated for both 
the helicity conserving and non- conserving parts; in Section 6 the integrations representing 
the NLA non-forward quark impact factors are carried out in the massless quark case. 
Section 7 contains the summary and a short discussion. 



2 Method of calculation 



The bootstrap conditions for the gluon Reggeization in the NLA were derived in Ref. [|I^ . 
The starting point is the elastic scattering process A+B A'+B' in the Regge kinematical 
region 

s = (pa + PbY = (Pa+PbY ^ oo , t = (pa - p'aY = (p'b - PbY -fixed, (2.1) 

where pa, Pb and p'a, p'b are the momenta of the initial and final particles, respectively. 
We use the Sudakov decomposition for any vector p 

P = Ppi + ap2 + p±, p\ = -p ^ , 

where the vectors {pi, P2) are the light-cone basis of the initial particle momenta plane 
{PA, Pb) 

mi mo 

Pa = Pi H p2 , Pb =P2^ Pi , 

s s 
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Figure 1: Diagrammatic representation of the elastic scattering amplitude A+B — ^ A'+B'. 
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In the Regge limit s ^ — t, the momentum transfer is dominated by its transverse part 



q = Pa- Pa^ (1± ^ t = Q 



In the case of gluon quantum numbers and negative signature in the t-channel, the ampli- 
tude for this elastic process has the Regge form 



(Ai-))A'B' 
{"^8 JAB 
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(2.2) 



Here c is a color index, Tp/p are the particle-particle-Reggeon (PPR) vertices which do 
not depend on s and j(t) = 1 + uj(t) is the Reggeized gluon trajectory. In the derivation 
of the BFKL equation, this form is assumed to be valid also in the NLA. On the other 
side, the s-channel unitarity of the scattering matrix leads to (see Fig. 1, where the wavy 
intermediate lines denote Reggeons) 
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(2.3) 



where A-n stands for the scattering amplitude with the representation TZ of the color 
group in the t-channel. In the above equation, the index u enumerates the states in 
the irreducible representation TZ, $^p^ are the impact factors and G^^^ is the Mellin 
transform of the Green function for the Reggeon-Reggeon scattering [0. Here and below 
we do not indicate the signature since it is defined by the symmetry of the representation 
TZ in the product of the two octet representations. The parameter sq is an arbitrary energy 
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Figure 2: Schematic description of the intermediate state contributions to the impact 
factor. 



scale introduced in order to define the partial wave expansion of the scattering amplitudes 
through the Mellin transform. The dependence on this parameter disappears in the full 
expressions for the amplitudes. The space-time dimension D = 4 + 2e is kept different 
from four in order to regularize the infrared singularities. The Green function obeys the 
generalized BFKL equation 

^Gf ^ (91, 92, q) = qM'^^''-'^ (9i - 92) + / ^^^/C^^) (gl, g.; q) G^^) (g., gl; q) , (2.4) 



where /C^^-* is the kernel in the NLA and we have introduced the notation g- = gj — g 
(which will be used also in the following). 

The two bootstrap conditions derived in Ref. [l^ follow from the comparison between 
the imaginary part of the amplitude (|2.2| ) with the imaginary part given by Eq. (2^) in 
the case of the gluon representation in the t-channel. In this paper we are interested in 
the second bootstrap condition (Eq. (35) in Ref. |T^) which includes the NLA correction 
^A'A^^^ to the octet impact factor and reads 

^ I (n^\D-l ^2^12^ ^^^A'A I9l, 9, SoJ — -L AM ^ \ q ) 

J i^zvrj qi qi 



+ 2^ A' A 



.(^)(-g-) + (.«(-g-)) lnf|^ 



(2.5) 



where g is the gauge coupling constant, is the number of colors, cu'-^^ and tu'-^'' are the 
one- and two-loop contributions to the Reggeized gluon trajectory, L^?^^^ and L^,^^^-* are 
the Born and one-loop parts of the PPR effective vertex. 

The definition of the non-forward impact factors with color state v of the irreducible 
representation TZ was given in Ref. This definition can be written as 

$KH9*i,9*;5o) = {cc'\Vn\v)^iAqi^q-^s^) , (2-6) 
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where V-ji is the projector of the two-gluon color states in the t-channel on the irreducible 
representation IZ of the color group and the remaining part is the unprojected impact 
factor of the particle A, 

For brevity we do not perform here and below an explicit expansion in a^; evidently this 
expansion is assumed and only the leading and the next-to- leading terms should be kept. 
Here uj{t) is the Reggeized gluon trajectory which can be taken at leading order, ^\f}A 
the effective amplitude for the production of the system {/} (see Fig. 2) in the collision 
of the particle A with the Reggeized gluon carrying color index c and momentum 

-qi = apB - qi±, a ^ (^sar - m\ + q^^ /s < 1 , ql = -ql , (2.8) 

Sar is the particle-Reggeon squared invariant mass and the momentum of the other 
Reggeon is (i\ = q\ — q, with = —{ql — q)^- In the fragmentation region of the 
particles A and A', all the transverse momenta as well as the squared invariant squared 
mass Sar are of the order of the typical virtuality, i.e. (Ji, sar ~ g^- 
In Eq. ( p.7| ) the summation is over all the possible intermediate states which can be pro- 
duced in the NLA and the integration is over the particle-Reggeon squared invariant mass 
and over the phase space of the produced system 

dpf = {27r)^6^^\pA -q,-T.km)U ^V4S=T ' (2-9) 

m=l m=l ^^ml^^J 

in the case of an n-particle system. The parameter s\, which limits the integration over 
Sar in Eq. ( |2.7] ), is introduced in order to separate the contributions from multi-Regge and 
quasi-multi-Regge kinematics (MRK and QMRK) and is to be considered as tending to 
infinity. The dependence on this parameter disappears due to the cancellation between the 
first and the second terms in the R.H.S. of Eq. ( p.7|) . The second term of Eq. (|2.7| ) contains 

cc^ ( 

the Sq- independent Born contribution to the impact factor, ^aa' ' ^"^^ unprojected 
part of the non-forward BFKL kernel, connected with real gluon production, at the Born 
level 

i}Cf)t:iqi, gl, g) = ^7^^ ETcTH?!, q2) (74?^?/, ^2'))* , (2-10) 

being 7^c^Hfci,gi) the Born effective amplitude for the production of one gluon G with 
helicity Ag in the collision of two Reggeized gluons carrying color indices ci, c and momenta 
gi, — g2, respectively. The definitions ( pl6| ) and ( p.7| ) apply also in the case of colorless 
particle as well as in the case of charged QCD particles. Of course, the impact factor in 
the octet color representation, entering the bootstrap condition (^.51), makes sense only 
for colored particles. 

In this paper we consider the non-forward quark impact factors. At the NLA the only 
intermediate states {/} which can contribute to the quark impact factor ( p.7|) are one- 
quark and a quark-gluon system. The second term in the R.H.S of Eq. ( p.7| ), which is 
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a counterterm for the LLA part of the first term, will be attributed to the quark-gluon 
intermediate state. In the following, we will determine the integral representation of the 
non-forward quark impact factors in arbitrary space-time dimension D = 4 + 2e and 
keeping the quark massive. Then, after checking that the bootstrap condition ( |2.5| ) is 
satisfied, we perform the integrations for the case of massless quarks, using the expansion 
in e when necessary. 



3 One-quark contribution 



In the case of the one-quark contribution, the squared invariant mass sar is equal to the 



\, the squared mass of the colliding quark flavor. From the definition ( p.7| ) one easily 



gets 



*?rte,.>o)=(|) (jk) Z^A^Q^') . (3-1) 



where Fg^ is the quark-quark-Reggeon (QQR) effective vertex, which was obtained in 



Refs. PTI, and has the form 



■pc 
J- QA 



(3.2) 



Here Tqq'^^ represent the radiative corrections to the helicity conserving and to the helicity 
non- conserving parts of the QQR effective interaction vertex, tg^ is the {Q, A) matrix 
element of the color group generator in the fundamental representation and the 6- 
symbols on the helicities Xq and Xa of the quarks A and Q are defined as 



5xq,Xa = uipQ)—u{pA) 



(3.3) 



J\q,-\a 
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MpQ){i)A- 



'-u{p_ 
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u{pq) 1 - 2mA u{pa) . 

-{Pa-PqY \ ^ / 



The convolution in Eq. ( ^ . 1| ) can be easily calculated and gives 



^i}P\q,.q-.s,)=g\t^'f)A'A 



i + 4^<»(-«-r)in(| 



,-p(-)(l)/ ^ -/ X Ax , . -p(-)(l)/ -./2^ ^ 

+J-QQ \-(ll)—r^U\PA') U{Pa)+^qq {-Qi 



--u{p^ 



>B ^1 



(3.4) 



(3.5) 



6 



Here the one-loop contribution to the Reggeized gluon trajectory uj^^\—v'^) is given by |^ 



UJ 



2 J (27r)^-i k'^{k~vY (4 
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The radiative corrections T^n)^''' have the form ||2^: 
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The expression for Tqq^^ can be found in Ref. ||21 
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(3.6) 



(3.7) 
(3.8) 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



r(i-e) 



dxi / dx 



1 ^(l-Xi-X2)[xi-(l + e)x2] 
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(3.14) 

In the above equations, r(x) is the Euler F-function and tp{x) its logarithmic derivative. 
We observe, moreover, that ^g"*"-*, and aq ^ vanish in the zero quark mass limit. 
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4 Quark-gluon contribution 



In this Section we calculate the NLA contribution to the quark impact factor from the 
quark-gluon production in the fragmentation region 



where the summation is performed over the helicities Xg and Xq and over the color indices g 
and Q of the produced gluon and quark, having momenta ki and ^2, respectively (although 
we use the notation g also for the coupling constant, this can not be misleading here). We 
remind that the above expression must be completed including the counterterm, i.e. the 
second term in the R.H.S. of Eq. (|2.7|) . We will consider this term at the end of the Section. 
Introducing the Sudakov representation for the momenta of the produced particles. 



ki = (3ipi + — + fci_L 5 ^1 = 0, 



we have 



dSAR 



k2 = P2P1 + 



sar = {ki + k2 



m\ + kj 
SP2 



P2 + /C2_L , ^2 
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A ■ 
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dpiQG} = 5(1 -Pi- P2) S^""'^^ {{ki + k2 + qi)±) 



d(3id(32 d^-^ki d^-^k2 



(4.2) 
(4.3) 

(4.4) 
• (4.5) 

The amplitude for quark-gluon production in the quark-Reggeon collision T'^^qg}a '^^^ 
obtained in Ref. |^| using for convenience the the gauge {ep2) = 0, although all the 
calculations could be performed in a gauge invariant way. It can be written in the following 
form: 

{tH^)QAAl - {tH')QAA2 



In the last of these equations we have used also Eq. ( p.8|) . 



2(27r 
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and 



where 
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L{k_i) = L^{ki_)e 



* fj, 



L^ikj 



m\Pl - kl 



(4.6) 
(4.7) 
(4.8) 
(4.9) 



being the gluon polarization vector and 7^ the transverse component of the Dirac 7^^, 
defined as 



ll = 9± lu 
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PaPb+PaPb I 
(paPb) ^ 



(4.10) 
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The amplitude ^^^qg}a' same form of the amphtude ^^QcjA^ except that the 

Sudakov basis (^1,^2) must be replaced by the primed one {pi',P2'), i-e. by the light-cone 
basis of the final particle momenta plane {pa', Pb')- This leads to 



J- {QG}A' - 9 



{t^'t%A'A[ - {tH%A'A 



with 



and 



A[ = u{k2) 



L{h^ + (3iqi_) - L{-k2^ - l32qA_)] 
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(4.11) 

(4.12) 
(4.13) 



We can now calculate the convolution appearing in the integrand of Eq. ( |4.1| ): 
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5a'a5^' E A^iA[r + ^{t^'nA'A E 



N^A2{A] 



-"^Q.^G ^Q<^G 

+Ai{A'2)* + A2{A[y - Ai{A[y - A(^2) 
In the last equality the following relations have been used: 

1 



(4.14) 



{tH<^)A'A = ^^^^^A'A , {tHH<^)A'A 



2N 



in 



A'A 



itH'^'f^A'A = ISa'aS""' - ^i^nA'A . 

Using the definitions of the quantities Ai,2 and A'l 2 given in Eqs. (|4.7|) , 
( ^4. 13| ) and recalling that 

Y^e>iik,X)erik,\) = -gT , 

A 

it is easy to find 
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(4.17) 
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E 



A,{M^y + A2{Ar - MAY - MAY 



u[ipA') 

X (/;2 + mA) 



JB 



uipAj , 



(4.18) 



Li^{ki^ + Piq±) - L^{-k2^ - (52q±) 



X {/i2 + ruA) 



L^{kiJ-L>'{-k2j 



where 



m 



(4.19) 
(4.20) 



The above expressions for Aq, Bq and Cq can be put in the following form 



^ = /?2([2(1 - A)' + (1 + e)/?i'(l - Pi)] d{k2jd{k2, + P2q±)dW2ki^ - Pik2j 



X 



-»2 



-»2 
?1 



?1 



7 2 



d{f32ki_^ - /3iA;2_l) c?(^2x + /52g±) d{k2j 



(4.21) 



X 



d{(52ki^ - (3ik2j - d{k2j 



d{p2ki^ - /5i/c2x) - d{k2^ + p2q±) 
A^^^ = 2mAl3ll32{l - /?i)[(l + e)A - 1]u{pa') 
All. d{k2jd{P2ki^ - Pik2j+ Ai^ d{k2^ + P2q±)d{P2ki^ - Pik2j 



A± d{k2jd{k2j^ + (32qi_) 
i>B 



u{pa)\ (4.22) 



Bq = + B^Q^ 



B^Q ^ = [2/?2 + (1 + e)/?i] d{kijd{ki^ + Piq±)d{(32ki^ - (5^k2^] 



X 



?1 



?1 



/2 



d{(52ki^ - (3ik2^) d(ki_^+Piq±) d(kij 



+ 4m^/?2 



X 



d{(52ki^ - (3ik2j_) - d{ki^ + (5iqi_) 



B^Q^ = 2m^/5f/52[(l + e)A - 1]m(p^0 



d{(52ki^ - (5ik2^) - d{kij 



A± d{kijd{ki^ + Piq±) 



+ Ai± d{ki^)d{(32ki^ - (3ik2^)- flx^ d{ki^ + /3iq±)d{l32ki^ - (3ik2^) 



(4.23) 



^u{pa); (4.24) 

S 
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C, 



{+) 



P2\m + {l + e)P',] 



-{Qi - P2q)'^ d{kijd{k2^ + P2q±) - {qi - Piq)'^ d{k2^)d{ki^ + (3iqi_) 



(4.25) 



d{ki^ + /?ig_L) - d{k2^ + /?2g±) 



d{kij - d{k2^) 



C^-) = 2mAf3lP2[{l+e)(3i-l]u{pA') 



-Pi /^±d{kiJd{ki^+Piq±)+P2 /^±d{k2jd{k2^+P2q±] 



(Ax -A /^±)d{k2jd{ki^+Piq±) + {^i^-P2 /^I.)d{kijd{k2^+P2q±] 



JB 



u{pa) ; (4.26) 



where we have used d{l) = l/{m\Pf — l^) and have exphcitly separated the hehcity con- 
serving terms (labeled by (+)) from the terms which, after integration, give the helicity 
non-conserving contribution to the bootstrap condition ( |2.5| ) (labeled by (— )). 



Putting together the above results and using Eq. ( [4.5| ), the quark-gluon production 
contribution to the impact factor can be written as 



d^-^k^ /■! dp 



cc'il){QG}^ 
I Co 



-Oa'aO 



-N^Ao + Br 



(4.27) 



(27r)^-iy/3o2/?(l-/?) 

where now P = Pi and in the expressions for Aq, Bq and Cq the variables P2 and 
are replaced with (1 — P) and —qi^ — ki^, respectively. The lower limit in the integration 
over P is Po = ki/s^ and follows from the cut in the integration over sar given by the 
^-function in the Eq. ( [4.1|) . 



Let us consider first the integral 



d^-^ki /■! dp 



(27r)^-i 7/30 2/5(1 - P) 



A 



(+) 



(4.28) 



It is convenient to split this integral into /^^''(gi, g, tua = 0) and the remaining part, which 
we call 5/^^^(gi, q). Then, we can use Eq. (93) of Ref. |^ to write 



I^:\qi.q.mA^,)^j 



d^'-'ki 
(27r)^-i 



q- 



12 



{ki-qiY{ki-qif k,\ki ~ q^^ 
3 



kHh-qiy 
where we recall that q^ = qi — q 



In ( ^ 1 + V'(l) - ^(1 + 2e) - - 

UiV ^ ^ 4(1 + 2e) 



(4.29) 
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In the calculation of 5I^^\qi,q) we can put the lower limit in the integration over (3 
equal to zero, since there is no divergence for sa ^ oo- The result is 



r(i-6) 

[An] 



2+e 



dl3 



(1-/3) 



2 .1 



13 Jo 



dx{[2{l-(3) + (l + e)(3^] 



X 



+ 



c(m^/3, (1 - P)q^) c(0, (1 - P)q^) c{mA(3, (1 - /3)giJ c(0, (1 - /3)giJ 



/2 



+ 



?1 



12 



c(m^/3,(l-/3)gij c(0, (1 - 
1 1 



. 2 /3' 



+ 



1-/3 
1 



c(mA/3,0) 



c(m^/3, (1 - J c(mA/3, (1 - J c(mA/3, (1 - 
where we have used c(m, /) = [m^ — — a;)]^~^ 

We consider now the integral 

^1 d/3 /■ d^-^ki 



(4.30) 



^^^'^^"io 2/3(1 - /3) y (2^0^^^ ' 



(-) 



(4.31) 



where we have put again (3o — since there is no divergence for infinite sa- The result of 
the integration over ki is 



4"^(?i,?) = ^^^r(l-e) |^'d/3/3(l-/3)[(l + e)/3-l] £ dxu(p. 



c{mA(3, (1 - /3)gu) c{mA(3, (1 - (3)q[J 
The next integrals we consider are 

d(3 



u{pa) 

s 



c{mA(3,{l-(5)q^) 
(4.32) 



JQ 



213{1-(3)J (27r)^-i ^ ' 
for which again (5q can be put equal to zero. We have 



(4.33) 



4^^(gi,g) 



2m\ 



r(-6) 

(47r)2+^ Jo 
1 



l + 2e 



e 1 
2 ^ l + 2e 

1 



+ 



-»2 

?1 



-»/ 2 



c(mA,g±) c(mA,gi_L) c(mA,gi,) 



+ 



c(mA,0) c{mA,q'iJ c(mA,gu) c(mA, g±) 



(5 



(4.34) 



and 



Ib ^rnA 



r(l-e)2e-l /-i 



(47r)2+^ 2e+ 1 7o 

Ax Ax 



c(mA, q±) 



c{mA,qiJ c{mA,q'iJ 



u{pa) ■ 

s 



(4.35) 
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Finally, we consider the integrals involving Cq, i.e. 



and 



(27r)^-i 7^,2/3(1-/?) 



C. 



(+) 



d'^-'h ^(-) 



(4.36) 



(4.37) 



where only in the latter integration (3q can be put equal to zero. The integral I^\qi,q) 
can be expressed in the following form: 



r(+) 



+6 



1 rl 



dp / dx 
Jo 



2(l-/?) + (l + e)/52 



P 



(gi-(l-/5)g-)^ 



c{mAp,qi^ - {1- P)q±) 



r(i-6) 

c{mAP,qi^ - Pq±) ' c{mAP,PqiJ ' c{mAP, {I - P)qiJ ' c{mAP, {I - P)q'iJ 



+ 



+ 



(1 - 



+ 



(i-/?)Vi'' 



c{mAp, Pq'i 



+ Am\p 



c{mAP,PqiJ c{mAP,il- P)qiJ c{mAP, qi^ - Pq±) 



+ 



+ 



-2 



c{mAp,qi^ - (l - P)q±) c{mAP, (l - P)q'iJ c{mAp,Pq'iJ c{mAp,0) 
while for the integral I(^\qi, q) we have 



(4.38) 



4 \qi,q) = 



r(l-e) 



(47r)2+e 



dp P\{l + e)P ~1] / dxu{pA' 
Jo 

A^-(l-/3) ^. 



P 



+ 



c{mAP,{l - P)q±) c{mAP,qi^ - Pq±) c{mAP, qi^ - {I - P)q±) 



c{mAP, Pqi 



uipA) ■ 

s 



(4.39) 



As anticipated at the beginning of this Section, we take now into account the contri- 
bution to the impact factors from the second term in the R.H.S. of Eq. ( |2.7] ), i.e. 

1 fdP-\ c,c[iB) 



9 / ^^Af"\qr,ql{ICf)ii{qr,qi-,qVn 
/ J q^. y,^ 



,So('?r - qi)'^ 



counterterm . 



Using the expression for the unprojected quark impact factor at the Born level (see 
Eq. (|33)) 

^li^'^Hh, q) = 9\t<nA'ASx,„x. , (4.40) 

and recalling that M 



{^r)ii{qr.quq) 



{2n 



d rrrd \* I q^qi"^ + qiqr'^ _ ^2 



{qr - qif 



(4.41) 
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where T*^ are color group generators in the adjoint representation, it is easy to obtain the 
following expression for the counterterm: 



counterterm = —g 



N 



A'A 



2(27r)^-i 



In 



1i 



12 



+ 



(A;i-gi)2(fci-g7)2 



(4.42) 



This counterterm leads to the cancellation of the SA-dependence in Eq. ( [4.27| ), which comes 
from the integrals ll^\qi, q, itla = 0) and Ic'\qi, q), as it can be easily checked comparing 
Eqs. (p3), (Pi, iH) and ( M) . 



5 The check of the bootstrap condition 



We have now all the contributions needed to check the bootstrap condition given in 
Eq. ( |2.5| ). First of all, we must consider the quark impact factors in the octet color 
representation in the t-channel. According to Eq. (|2.6|) , this means that the contributions 
to the unprojected quark impact factors from one-quark intermediate state, Eq. (|3.1|) , 
from quark-gluon intermediate state, Eq. ([4.27| ), and from the counterterm, Eq. ( |4.42|) , 
must be contracted with 

{cc'\Vs\a) = % , (5.1) 



(5.2) 



N 

where fabc are the SU (N) structure constants. Since 



{cc'\Vs\a) S'^^' = , {cc'\Vs\a) {f'f)A'A = -i^i^A'A , 
we have for the octet quark impact factor at 1-loop order the following expression: 



N 



+ {a'^\-q^) + a^Q\-q^.rn^A 



+a)"[-qi^) + a^Q'[-q{\m\) + af\-qi^) + 5f-\-qi\ m\) 



'2 ™2 



U\VA') U[J)a) 



+ 



-9'^{l^A\qi.l^A = 0) + 6llt\qi,q)+li[\quq)) + [l^^\qu q) + I^'\qu q) 
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2(27r)^-i 



In 



'A 



X 



?1 



12 



+ 



r2 



q- 



where a^j^q^g and 5^"*'^ are given in Eqs. (|3.8| ), ( p.9|) , (|3.10|) and respectively, a^g in 

Eqs. and (|34l), /^^^(gi, g, = 0), g), /i-^(gi, g) and /ij^H^i, O) are given 

in Eqs. ( ^1291 ), (lOOl) , (^7521) , (|^) and (^1351) , respectively. We can now proceed to check 
the fulfillment of the bootstrap condition ( |2.5| ), whose L.H.S. and the R.H.S. read 



,(+) 



+2(7 



^ (ai-\-q,') + a^q\-q,\ml))^uM^^u{p^) 



-9'j{ll,^\qi,q,^A = 0) + 5/i+^(g-'i,g-) +/i-)(g-'i,g-)) + |^ (4''^(gi, g) + /{."^(gi, g)) 



2(27r 



In 



X 



+ 



k,\h - qif k,\k, - q,y {k, - q,y{k, - qif 



(5.4) 



and 



R.}l.^ = g{e)A'A\S. 



\ai ,Aa 



(5.5) 

In the last equation, uj^'^^'^'^\—q'^) and u;^^)*^'^^(— g^) are the quark and gluon contributions 
to the two-loop gluon trajectory [Q: 



(2)(Q)(_g2)^2^^iV- 



r(l - e) 1 /■ ci^-2gi g 



l7r)2+^ 6^ (27r)^-ig-'2gi"^i) '^"''^^^ 



X 



(^mj + x(l — a;)g^^ — 2 (^m^ + x(l — x)g{' 



(5.6) 



and 



^(2){G)(_^-.2) 



(^^AT^ /• rf^-2g, d^-^q2 g- 



In 



(27r)^-i (27r)^-i g^gt 1 2g7 V(5"i " ^"'s)' 
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1 jiA±m,(^^ 1 



X 



+ 2^(1 + 2e) + ^(1 - e) - 2^(e) - ^/'(l) 



(5.7) 



(gi + g2 - V / V2g/V2^ (gl + ^2 - g)^ 

.l + 2e V4(3 + 2e) e 

The check of the bootstrap condition is now a matter of recognizing similar terms in the 
L.H.S. and the R.H.S. written above and performing cancellations. We can separate this 
task into two parts, namely we can concentrate separately on helicity conserving and on 
helicity non-conserving terms. The first part is not quite independent of the calculation of 
the two-loop correction to the gluon trajectory 0, since it was performed assuming that 
the gluon Reggeization holds, by comparison of the s-channel discontinuity dictated by the 
Regge form ( [^.2[ ) with that calculated from the unitarity. Therefore, it represents more a 
test of correctness of all the calculations involved in the determination of the trajectory 
and of the impact factors. The part related to the helicity non-conserving terms is a quite 
new check of the gluon Reggeization, for the spin structure which is absent in the LLA. 
It is worthwhile to mention that the Reggeization in this structure is not necessary for 
the derivation of the BFKL equation. Nevertheless, it is straightforward to verify that it 
holds, by considering that the following cancellations occur between a set of terms in the 
L.H.S. and a set of terms in the R.H.S. : 

• L.H.S.: terms with ^ and cS~^'i 
R.H.S.: term with a^~); 

• L.H.S.: terms with /^~^ and cl'q^] 
R.H.S.: term with cl^q'^ . 

The check of the bootstrap for the helicity conserving part is not less straightforward, 
although the list of cancellations to perform is longer: 



L.H.S.: term with 
R.H.S.: terms with a^p and 



(+). 

/ ' 
(+ 
/ 



,(+) ^^A r(+). 
R.H.S.: term with al^^ 



L.H.S.: term with Oq and , 



L.H.S.: terms with 5^+) and 51^^^] 
R.H.S.: term with 5^+); 



• L.H.S.: terms with ln(so/gi^), ^A^^ S'^d \\i{s\/k1sQ) (counterterm); 
R.H.S.: terms with a^^\ uj^'^^^^'f and ln(so/g^). 

In the second cancellation for the helicity non-conserving part and in the third cancellation 
for the helicity conserving part, it has been used that 

/ dxi / dx20{l — Xi — X2) — > / df3 dx {1 — (3) 
Jo Jo Jo Jo 
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under the change of variables xi = /?, X2 = (1 — P)x. 

This completes the check of the bootstrap condition for quark impact factors. 



6 Quark impact factors in massless QCD 



In this Section we will calculate explicitly the integrals which contribute to the quark 
impact factors, restricting ourselves to the case of massless quark, which is acceptable for 
all practical applications. In this case, only the helicity conserving part of the quark impact 
factor survives and most of the remaining integrals can be calculated for arbitrary e. We 
will always consider the unprojected impact factor $^4^,(5!, g; sq) defined in Eq. (|2.7|) . In 
order to obtain the quark impact factor in a definite (octet or singlet) color representation 
in the t-channel, it is sufficient to use Eq. (pl6|), with the help of Eqs. ( |5.1| ) and ( |5.2| ), for 
the octet case, and of 

(cc'iPolO) 



and 



2N 



(6.1) 



(6.2) 



for the singlet case. 



We start for completeness from the quark impact factors at the Born level, which was 
already given in Eq. ([4.40|) and reads 

q) = 9\t'f)A'AK'^A ■ (6.3) 



At one-loop level, we must consider the contribution from one-quark and quark-gluon 
intermediate states and from the counterterm - Eqs. (^.5|), ( [4.27| ) and ( t4.42| ), respectively. 
Let's start from the one-quark contribution to the color unprojected quark impact factor 
which was given in Eq. ( ^.5] ). In the massless quark case it becomes 

<^^^''\<li,q:so) = g\t't^)A'A ^ 



+ -UJ 



g/^)ln 



So 



12 



where 



rrif =0 



+ r 



{+)(!) 



-^1 



m/=0 



m.f=0 



+ aW(-^;^0) + aW(-^;^) 



(6.4) 



(6.5) 



and nif stands for the mass of any quark flavor. The integral expressions for a^^^ and Oq^^ 
were given in Eqs. (|3.8| ) and ( p.9|) , respectively, while a^"^-* was already given in explicit 

form in Eq. ( |3.10| ). The explicit forms for a'^^ and Oq'' can be easily calculated in the 
massless quark case giving 

f p. Jr(i + 6)P (1 + 6) 



4^^ 



9' 

(47r) 



r(l + 2e) (l + 2e)(3 + 2e) 



(6.6) 
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and 



-v',0) 



9' 



In-. 



1 1 

e(l + 2e) ^ 2 



(6.7) 



(47r)2+^ iV ' ' r(l + 2e) 

Using Eq. ( p.6| ) for the one-loop gluon trajectory and summing up all the terms in the 
R.H.S. of Eq. dJ), we obtain 



(1 + 6) 



(47r 



9' ^^_^fi^ + ^)]\.2,e 



i2+e 



1 



- e) - 2V^(e) + ?/^(l) + 



(l + 2e)(3 + 2e) iV 
1 



r(l + 2e) 



1 



e(l + 2e) 2 
1 



7 



4(1 + 2e)(3 + 2e) e(l + 2e) 4(1 + 2e) 
+ [Qi — ' Qi 



(6.8) 



Next, we consider the contributions to the quark impact factors from quark- gluon 
intermediate state, Eq. (f4.27| ), and from the counterterm, Eq. ( [4.42| ). In the massless 
quark case, we have 



^Ai'''^''''\qi, so) + counterterm = 



i^c\qi.q) 



2N 



{t^'t^)A'A{ -N'l^^\qi,q,mA = 0) + l'^> {q,, q) 



qi 



12 



+ 



q{ 



2(27r)^-i 

•2 



(6.9) 



q' 



LA;2(fci - q[Y k,\h - qiY (^i - qiY{k^ - qiY\ 

where I^\qi,q,mA = 0), lB'\qi,q) and I(^\qi,q) were given in Eqs. ( [4.29| ), ( [4.34| ) and 
( |4.38| ), respectively. Now, let us consider the sum of the term with I^\qi,q,mA = 0) 
with the part of the counterterm having the same color structure. Leaving out the overall 
factor —g^N/2 {f^ t'^)A'A, we have 



q) = A^\qi, q, = 0) + / In 



X 



qi 



12 



ql 



2(27r)^-i 



Vk'^{k^ - qif k,\k, - g-l)2 {k^ - q^Y{k^ - qiY\ 
It is easy to show that 

[r(i + 6)]2 



(6.10) 



f^\q,,q) = [5. 



(4vr; 



2+e 



r(-e) 



r(l + 2e) 



2(g^)^(^ln(5)+V^(l)-^(l + 26) 



18 



4(1 + 2e) 



) + te^r(4-^+2,(i 



2^(1 + 2e) + 2^(1) -2^(e) 



+ {qi 



(6.11) 



where the cancellation of the SA-dependence occurred as anticipated in Section 4. The 
term Ki in the R.H.S. of the above expression stands for 



(4 



TT 



\2+e 



1 r(l + 2e) f d 



4 r(l-e) [r(l + e)]2 7 (27r) 



D-2 



q- 



\D-1 



{k - qiY{k - q{f 



(6.12) 



The integral Ki can be calculated only in the e-expansion. Its explicit form up to the 



order e has been determined in the Appendix of Ref . . Here we simply quote the result 



12' 



,2(2 f^^2 



+ 4<(l)e + ln 



/2' 



In 



(1{ 



(6.13) 



Similarly, we consider now the sum of the term with I^\qi,q) with the part of the 
counterterm having the same color structure. Leaving out the overall factor —q'^/ASa'aS'^'^ , 
we have 



12 



+ 



2(27r)^-i 



In 



^2 



2 



M{ki - qiY k^ki - qiY (k, - q,)\k, - qif 
This expression can be put in the following form: 



2r(-e) [r(l + e) 



(47r)2+^ r(l + 2e) 



^e(l + 2e) 2 



+ 7; ifr + K', 



(6.14) 



(6.15) 



where K2 is the integral analogous to K2 from Ref. 
= /'y [2(1- /?) + (! + 6)/3l 



l\2 



(/3gi + (l-/3)g;) 



(i-/3)v;^ 



(6.16) 



+ qi — ^Qi 

This integral can be easily calculated in the e-expansion up to the order e and the result 
is the following: 

71 2\ / Tf2 



1 + 1 1„= f C) - ,„ m _ .mils , ^ 8,'(l) _ 



(6.17) 



being 6 the angle between g/ and gl defined so that \6\ < it. 

The last integral we need to calculate is Ij^\qi, q). In the massless quark case, it can 
be easily found that 

[r(i + e)p 



(4vr; 



2+e 



r(-e) 



r(l + 2e) 



1 

+ 7^ 



e(l + 2e) 2 



(6.18) 
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Summarizing, we can write the contribution to the quark impact factors from quark- 
gluon intermediate state in the compact form 



q, so) + counterterm 



4 + ^it"nA'A[-N'i^^\quq} + l'^>{qu> 



r(+). 



(6.19) 



with i^j^\qi,q), i)j\qi.,q) and lB^\qi.,q) given in Eqs. (|6.11| ), (|6.15| ), (|6.18|) , respectively. 



r(+) 



In the special case of forward scattering, the expression for the quark impact factor at 
1-loop order greatly simplifies. We have indeed 



^"I'AiQi. 0; So) = ^'^\''''^\qi, 0; So) + ^'^\l>^'^''\qi, 0, So) + counterterm |i=o • 

The contribution from the one-quark intermediate state, 0? ■^o)? is given in the 

explicit form for arbitrary e by the R.H.S. of Eq. (|6.8| ) evaluated at t = 0. In order to 
determine the contribution from the quark-gluon intermediate state, 0, sq), 

and from the counterterm at t = 0, it is necessary to calculate the integrals in the R.H.S. 
of Eq. ( |6.19|) at t = 0.. This can be done for arbitrary e yielding the following results 



,cc'(l){Q) 



cc'{l){QG}. 



2 In 



So 



+2ij{l - e) - 2V^(1 + 2e) + 2^(1) - 2^(e) - - ^ 



e 1 + 2e 



(6.20) 



|2+e 



r l + 2e 



2 In 



■So 



1 



+2^/^(1 - e) + 2^(1 + 2e) - 2V^(1) - 2^(e) 3 + e 

e 



and 



I^^\qi,0) = K„x^ 



{An 



2 n-e)EM(,t). 



|2+e 



r(l + 2e) 



1 + 



efl + 2e) 



(6.21) 
(6.22) 



Let us present in the explicit form the color singlet impact factor. Performing the 
projection on the color singlet with the help of the operator ( |6.1|) , we obtain 



*AM^(^i,0; So) = Sa',aSx.,,Xa9' 



2r(-e) [T{l + e)]' 

(477)2+^ r(l + 2e) ' 2N 
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1 + e 



-n, 



1 



;i + 2e)(3 + 2e) 



+iV(-ln(5) +V^(l)-V^(l-e) + -+ , , , , 

^ Wi / ' '2 8(1 + 2e) 8(3 + 2e) 2 



- 1 

2N 



r(i - e) [r(e)]^ 



(4vr)2+. r(2e) 



(^1 



2\e 



V 3 3 iV 



9 6 9 iV 



(6.23) 
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The quark impact factor in the forward case {t = and color singlet in the t-channel) 
was considered in Refs. [[l^, |2^, ^ . In Refs. ^ it was calculated for massless quarks 
with accuracy up to terms finite in the e — limit. In this particular case our result ( |6.23| ) 
is in agreement with the corresponding result of Ref. I^S], though the comparison is not 
straightforward because of the different definitions adopted. For details see Ref. [pO]. 



7 Discussion 



In this paper we have obtained an integral representation for the NLA non-forward quark 
impact factors with singlet and octet representation in the t-channel in QCD with massive 
quarks for arbitrary space-time dimension D = A + 2e. Using this integral representation, 
we have explicitly verified the fulfillment of the "second" bootstrap condition derived in 
Ref. [1^ for the gluon Reggeization at the NLA in perturbative QCD. This check is very 



important since the gluon Reggeization plays the most relevant role in the derivation of the 
BFKL equation at the NLA. Moreover, it represents a test of correctness of the calculations 
performed so far to determine the NLA corrections to the BFKL equation. Subsequently, 
we have carried out explicitly the integrations in the case of massless quarks, using the 
e-expansion when necessary. 

We finally note that throughout the paper we have used the unrenormalized coupling 
constant g and the same parameter e to regularize both infrared and ultraviolet diver- 
gences. The final result for the quark impact factors is affected by both kind of diver- 
gences. The ultraviolet ones are easily removed by introducing the renormalized charge in 
the MS scheme 

g\fi)NTil-e' 



9 = 9if^)f^' 



1 + 


(t 


2nA 






3Nj 



2e(47r; 



2+e 



(7.1) 



The infrared divergences, however, are not canceled. This is expected for the quark impact 
factor, since the quark is a colored object, whereas impact factors of colorless particles 
only must be infrared safe. Recall that for the colorless particles the infrared safety of the 
impact factors is guaranteed p6| by their definition given in |[T^ and used in this paper. 
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